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1. Introduction 

The amplification of the quantum fluctuation of the vacuum, and the generation 
of primordial perturbation spjectra, is one of the most celebrated aspects of the 
standard inflationary scenaridd. In particular, the amplification of the transverse 
and trace-free part of the metric fluctuations (which are decoupled from the sources, 
in the linear approximation), leads to the formation of a primordial gravity wave 
background that may survive, nearly unchanged, down to the present timea. Such 
background is characterized by three main properties: 

• it is stochastic, because of its quantum origin; 

• the present fluctuation amplitude, for each Fourier mode, is directly related 
to the curvature scale of the Universe at the time of first horizon crossing of 
that mode; 

• the spectral distribution of the amplitude is determined by the kinematic 
behavior of the scale factor at the horizon crossing epoch. 

It is thus obvious that a cosmic background of relic gravity waves retains the imprint 
of the primordial dynamics, and may provide direct information on the very early 
history of our Universeu. 

Unfortunately, however, the relic background expected in the frequency band of 
the present interferometric and resonant-mass detectors, according to the standard 
inflationary scenario, is by far too low to be detectedQ, both in first and second 
generation experiments. The reason for this disappointing conclusion is that the 
background, characterized by a flat or decreasing spectrum, is strongly constrained 
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by the large scale anisotropy observed by COBE at the present horizon scaletl, 
1ST jT ~ 10~^. The energy density of the graviton background, in critical 
units, is thus bounded at high frequency by the conditionB: 

^ ^CMB ~ 10~l^ Lo > 10-16 Hz. (1.1) 

V / COBE 

where flcM b is the present fraction of critical energy density in the form of Cosmic 
Microwave Background (CMB) radiation. The above bound is saturated by a flat, 
Harrison- Zeldovich spectral distribution (assuming that the spectrum is normalized 
at the horizon scale by the COBE data), while decreasing spectra always lead to 
a lower Hq. For comparison, the maximal sensitivity to a stochastic backgroundfl 
expected in the context of the Advanced LIGO project is only fie ^ 10"^°, at a 
frequency i/ ~ 10^ Hertz. 

The situation is instead more rosy for the pre-big bang modelsu formulated in 
the context of string cosmology. In that case, the spectral energy density of the 
background tends to grow very fast with frequency, and it is thus too low, at the 
COBE scale, to be constrained by the observed CMB anisotropjJl^i (the constraint 
from pulsar timing dataS, flc ^ 10^^ at a frequency v '-^ 10^^ Hz, can also be easily 
satisfied). At high frequency, the maximal intensity of the background is simply 
controlled by the fundamental ratio between string (Mg) and Planck (Mp) mass, 
which sets the natural value of the final inflation scale, and which is expectedQ to 
be a number in the range 0.3 — 0.03. One thus obtain the boundlll'0 

nG<ncMB(^^^ <lo-^ (1.2) 

which corresponds to a possible enhancement of nine orders of magnitude, at high 



frequency, with respect to the peak intensity (1.1) typical of the standard inflation- 
ary scenario. 

The amplification of the vacuum fluctuations, however, is not the only mech- 
anism leading to the formation of a primordial gravity wave background. There 
are processes, in the context of the standard inflationary models, producing back- 
grounds which are mainly localized at high frequency, and which may thus evade the 



constraint (1.1). Three possible backgrounds, in particular, should be mentioned. 
The background due to gravitational radiation from cosmic stringslU and other topo- 
logical defectsEJ. the background due to bubble collision at the end of a first order 
phase transition0, in extended inflation models, and the background produced by 
parametric resonance effectsEZi, during the so-called "preheating" phase. 

A global view of these possible primordial relic backgrounds, in the frequency 
range uj > 1 Hz, is qualitatively sketched in Fig. 1, where I have plotted the present 
value of the spectral energy density (in critical units) of the background: 

Pc(to) duj 8n 
Ho = hioQ X (100 km sec-^Mpc-^). (1.3) 
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The bold solid line of Fig. 1 define the allowed region for a background produced 
through the parametric amplification of the vacuum fluctuations, in string cosmol- 
ogy (upper lines) and in standard inflationary cosmology (lower lines). The dashed 
lines represent possible spectra for backgrounds obtained from topological defects, 
phase transitions and resonant inflaton oscillations. In the first case the plotted 
spectrum refers to the maximal allowed background associated to graviton radiation 
from cosmic stringalil. In the other two cases the spectrum is strongly dependent 
on the final reheating temperature, T^. The example of phase transitions illustrated 
in Fig. 1 refers to Tr ~ 10* — 10^ GeV, but higher backgrounds are possibldll for 
higher values of Tr- 
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Figure 1: Possible gravity wave backgrounds of cosmological origin (dashed lines), 
in the frequency range lo > 1 Hz. The bold solid lines define the allowed region 
for a background obtained from the quantum Ructuations of the metric, in string 
cosmology (upper lines) and in standard inflationary cosmology (lower lines). 

Also shown in Fig. 1 is a thermal black-body spectrum corresponding to a 
temperature Tq ~ l^K. In the standard scenario a thermal gravity wave back- 
ground might originate at the Planck scale, when the temperature is high enough 
to maintain gravitons in thermal equilibrium. However, such a background should 
be strongly diluted (with respect to the present CMB radiation) by the action of the 
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subsequent inflationary phase, occurring at curvature scales lower than Planckian. 
As a consequence, the surviving spectrum should correspond today to an effective 
temperature so depressed to be practically invisible. In string cosmology, on the 
contrary, a graviton background with the typical low-frequency slope of a black- 
body spectrum, flo ^ uj^, is possibly generated by the sudden transition from an 
initial dilaton-driven phase to the standard radiation-dominated eraQ't^l. Modulo 
logarithmic correction^ such a spectrum may simulate a relic thermal background 
of Planckian originEjilj, with a typical effective temperature which is just of the 
same order as that of the thermal spectrum shown in Fig. 1. 

The rest of this paper will be devoted to explain, and discuss, the big difference 
between the two allowed regions relative to a vacuum fluctuation spectrum. Before 
starting the discussion, however, it may be be appropriate to recall that at present 
the best experimental upper bound on a possible stochastic background, in the 
frequency range of Fig. 1, is provided by the cross-correlation of the two reaonant- 
mass detectors NAUTILUS and EXPLORER. The most recent data implyN 

^chioo 60, 1/ ~ 907 Hz. (1.4) 

improving by about an order of magnitude the previous upper limit0 obtained with 
EXPLORER. A much better sensitivity, fic/iioo 10^'^ — 10^^, is expected to be 
reached in the_^ri£ar future by the cross-correlation of N ATTTTTJTS^ EXPLORER 
and AURIGA0@, and by the first operating versionQ@ of LIGO and VIRGO, in 
the frequency bands v ^ 10"^ Hz and v 10^ Hz, respectively. Similar sensitivities 
are expected from the cross-correlation of a bar and an interferometerca. These 
sensitivities are still outside, but not so far off, the upper border of the allowed region 
in Fig. 1. To get inside we have tQ_wait, for instance, for the cross-correlation of two 
spherical resonant-mass detectorg23'E3, with expected sensitivity fie ~ 10'_Z_around 
V ~ 10'^ Hz, or for the advanced version of the interferometric detectorsQS, with 
expected sensitivity fla ^ 10^^" around i' ~ 10^ Hz. In both cases the detectors 
will cross the border of the allowed region, and will explore, for the first time, the 
parameter space of string cosmology and of Planck scale physics. 



2. Properties of the string cosmology background 

In string cosmology, like in the standard inflationary scenario, the generation of a 
gravity wave background from the ground state configuration is due to a process of 
parametric amplification of the metric fluctuations, under the action of the cosmo- 
logical gravitational field playing the role of the external "pumping" forceB. The 
basic difference from the standard scenario arises from an enhancement of this am- 
plification process in the high frequency sector. This enhancement can be ascribed 
to three independent mechanisms: 

• the growth of the curvature during the phase of accelerated evolution, and 
the consequent growth with frequency of the perturbation spectrum; 
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• the possible growth in time of the comoving amplitude of perturbations even 
outside the horizon, instead of its "freezing" typical of standard inflation; 

• the additional amplification due to the higher-derivative terms that must be 
added to the effective action when the curvature becomes large in string units. 

The first two effects are a consequence of the special kinematic of the phase 
of accelerated pre-big bang evolution, characterized by shrinking event horizonsEI. 
During such a phase the scale factor can be parametrized, in confornial time rj and 
in the Einstein frame, as 

= V<0, a>-l. (2.1) 

The tensor perturbation equation^, for the Fourier component of each polarization 
mode of comoving amplitude hk, 

iJk + (^k^ -^^yJk = 0, iJk = ahk, (2.2) 

outside the horizon (|fcr/| ^0) has the general asymptotic solution: 

hk = Ak+Bk\r]\''^" . ry^O_ (2.3) 

{Ak, Bk are integration constant, and the prime denotes differentiation with respect 



to 77). For the metric (2J) we may thus distinguish two possibilities. 

If a < 1/2, hk tends to stay constant outside the horizon. By normalizing the 
canonical variable ipk to a vacuum fluctuation spectrum, at the time of horizon 
crossing \ri\ = , we obtain asymptotically 4'k ~ {o-/ o-hc)k~^/'^ ^ with consequent 
spectral amplitude k'^/'^\hk\ ~ k'7l/7c ^ l-^^kci where H ^ a/a ^ a' jc? (a dot 
denotes differentiation with respect to the cosmic time i, defined by dt = adr\). 
This amplitude grows with k because higher frequency modes cross the horizon 
later in time, and then at higher values of since \H\ is growing for the metric 



(2.1) 



If a > 1/2 there is an additional growth in time of hk itself outside the horizon. 



according to the asymptotic solution (2.3). This second effect is usually excluded 

In string cosmology 



which accompanies 



in the standard inflationary models, characterized by a 
this effect is due to the accelerated growth of the dilator 
the growth of the curvature scale, and which transforms the scale factor kinematic 
of the Einstein frame (where the dilaton is decoupled from tensor perturbations) 
into a fast, accelerated contractionH, with a > 0. In the limiting case a = 1/2, 
corresponding to the simplest low-energy gravi-dilaton model, the growth in time 
of hk is simply logarithmidia, hk ^ ln|fcry|, and can be neglected for an order of 
magnitude estimate of the spectrum. 

A third, additional contribution to the amplification is due to the fact that, 
because of the growth of the curvature during the pre-big bang phase, the late-time 
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evolution of perturbations takes place in the high-curvature regime. In this regime, 
the higher derivative corrections predicted by string theory may become important, 
and should be included into the effective action. To the first non-leading order of 
the so-called a' expansion, where = is the basic string length parameter, the 
corrected action can be written ad 



1 



2\t 



5|e 



-4, 



R + (V0)' 



ka' 



{Rgb 



(2.4) 



where we have used a convenient field-redefinition that introduces the Gauss-Bonnet 
invariant Rgb, thus eliminating higher-than-second derivatives from the equations 
of motion. Such higher-curvature corrections are important because they tend to 
stop the growth of the curvature and of the dilatonE3, driving the Universe to a 
phase with H = const, 4> — const. 

The perturbation of the action ( ^.4[ ) around a homogeneous and isotropic ba 
ground solution, 0(77), (l){r]), leads to a generalized tensor perturbation equationi 



Z Z'^ 



2 I / 
a + a 



(2.5) 



(here a is the metric scale factor in the frame of the action (2.4)). This equation 
includes the high-curvature corrections to first order in a', and reduces to the low- 
energy equation in the limit a' —^ 0. 

The results of a numerical integration of eq. (|]^) are illustrated in Fig. 2, where 
we show the evolution in cosmic time of the comoving perturbation amplitude |/i/c|, 
computed with and without the a' corrections^. In both cases the amplitude is os- 
cillating inside the horizon, and frozen outside the horizon. When the a' corrections 
are included, however, the final asymptotic amplitude is enhanced with respect to 
the amplitude obtained, for the same mode and in the same background, without 
the a' corrections. 

This enhancement is the same for all modes, and thus does not affect the grav- 



ity wave spectrum computed with the low-energy perturbation equation (2.2). The 
effect of the high-curvature corrections amounts to an overall rescaling, by a numer- 
ical factor of the order of unity, of the total energy density of the background, and 
may thus be neglected for an order of magnitude estimate of graviton production. 



By using eqs. (2.2) and (2.1) we can now predict some general property of 
the gravity wave background expected in the context of the pre-big bang scenario. 
Such predictions are to a large extent model-independent, provided we accept that 
the Universe becomes radiation-dominated soon after the end of the high-curvature 
string phase. 

At low energy, i.e. for modes crossing the the horizon when the a' corrections 
are still negligible, the slope of the spectrum can be computed exactly, and for the 
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Figure 2: Time-evolution of the comoving amplitude \hk{t)\, according to a nu- 
merical integration of eq. (2.t) with and without the high-curvature corrections. 



metric (^J) with a = 1/2 wc find the nearly thermal behavioroE 



na{u.)oc[^) In 



UJ < Uls- 



(2.6) 



Here Us is the frequency scale at which high-curvature string effects may become 
important^Atiiigh frequency the slope is rnndel-dependfiiit, but in general flatter 
than cubicEjOH because the high-derivativeEa and loopt2l corrections tend to stop 
the growth of the curvature and of the dilaton kinetic energy, and thus tend to 
depress the slope of the metric perturbation spectrum. 

The maximal amplified frequency uji, i.e. the frequency corresponding to the 
production of one graviton per polarization and per unit phase space volume, can 
also be computed in a model-independent way, an can be conveniently related to 
the present CMB temperature Tq as foUowstj: 



To ~ 3.6 X lO^'Hz 



(2.7) 



Here Ur 10^ is the total number of thermal degrees of freedom in equilibrium at 
the beginning of the radiation era, and 6S is the fraction of present thermal entropy 
density due to all reheating processes occurring well below the end of the string 
phase. The occurrence of such processes would imply that the radiation which 
becomes dominant at the end of the string phase is only a fraction of the CMB 
radiation that we observe today, and this would dilute the energy density of the 
gravity wave background with respect to the present CMB energy density. 

The peak intensity of the background, in this context, has to be of the same 
order as the end-point energy densitylij. 



f^G(wi,to) 



7 X lO^'^/i 
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As a consequence, for lu < toi, the spectrum may be decreasing or at most flat, 
leading to the allowed region illustrated in Fig. 1 (where we have assumed Ur = 10'^). 

The allowed region can be obviously extended also at frequencies a; < 1 Hz. 
At lower fr'equencies, however, the upper border of the region has to be slightly da- 
creasing, in order to satisfy the constraint coming from primordial nucleosynthesisE3, 
which implies that the total integrated energy density of the background cannot ex- 
ceed, roughly, that of one massless degree of freedom in thermal equilibrium. More 
precisely, nucleosynthesis implies the bound0 



hwo J ^^g('^, to)d\nuj< 0.5 x 10"^ (2.9) 
This bound is compatible with, but almost completely saturated (depending on 



Ms/Mp) by the peak intensity (2^). So, a strictly flat maximal spectral density 
cannot be extended to arbitrarily low frequencies (<C 1 Hz) without conflicting 
with the bound ( |2.9| ). At very low frequencies them are, in addition^tronger phe- 



nomenological constraints from pulsar-timing data0 and COBE data@, as discussed 
in the previous Section. 



3. Testing string cosmology models 

In the context of the pre-big bang scenario, any relic graviton spectrum Qcii-^) 
which reaches the end point with a slope not larger than cubic (in the low frequency 
sector) is in principle allowed, like the spectra represented by the bold solid lines 
of Fig. 3. Notice that ahiive the maximal frequency wi the graviton production is 
exponentially suppressedE3, and the spectrum must decrease with the typical high 
frequency behavior of a Planckian distribution. 

For any given value of rir and SS there is a residual uncertainty on the values 



wi and riG(wi), according to eqs. (2.7) and (^.8[), corresponding to the present 



theoretical uncertainty on the values of the fundamental string theory parameter 
Ms — Xj^. This uncertainty is represented by the shaded boxes of Fig. 3, where 
we have chosen, for illustrative purpose, rir = 10^ and 

To the left of the end point the spectrum can be at most flat, for the simplest class 
of models considered in the previous section. In the absence of significant reheating 
at scales much lower than the end of the string phase, the maximal intensity of 
the gravity wave background is thus expected within the dashed lines, in the band 
labeled SS = 0. 

Also plotted in Fig. 3 is the corresponding band for the case that 99 per cent 
of the present large scale entropy is due to some low-energy process occurring well 
below the string scale. Even in that case, the expected peak intensity stays well 
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above the full line labeled "de Sitter", and corresponding to the most optimistic 
predictions of the standard inflationary scenario. 
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Figure 3: Possible allowed spectra for a typical class of string cosmology models. 

Entering the region where we may expect a signal thus require a minimal 
sensitivityli3iij 

Qahwo < 10-^ (3.2) 
or, in terms of the strain density Sh{i^), 

Sl'\.) < 3 X 10-2« (^^y s,i.) = I^^^gM. (3.3) 

Any detector able to reach this limit will be already in a position to receive a signal 
from the cosmic graviton background or, in case of a n egative result, to constrain 
the parameter space of the string cosmology modelsr^Fi. In particular, any measure 
inside the allowed region will provide significant information on the possible value 
of the frequency lOs which marks the end of the low-energy branch of the spectrum 
( ^.6[ ), and on the corresponding value of the dilaton (j)^ and of the string coupling 
9 s = exp(0s). 

The importance of determining the coordinates (lUs and Qg{uJs)) of this break 
point of the spectrum, signalling the beginning of the high-curvature regime, is self- 
evident. From its position in the plane of Fig. 3 we could immediately deduce the 
duration in time (~ LOg/uji), and the rate of growth of the curvature in Planck units 

flg/fli), for the "stringy" regime. This would impose important constraints 
on other phenomenological aspects of the pre-big bang scenario indirectly related 
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to graviton production (such a.s the production of seeds for the cosmic magnetic 
fieldsEJ), as discussed elsewherdijEj. 

Also, suppose to detect the high frequency part of the graviton spectrum, namely 
a signal which grows with frequency, Qq ~ '^''j with a positive slope 7 < 3, as 
illustrated in Fig. 3. The intercept of that spectrum (extrapolated up to the GHz 
range) with the "one-graviton" line ~ t^i (the dotted line of Fig. 3), would give 
a first experimental indication of the value of the fundamental ratio M^/Mp. 

Of course, the situation is not so simple. The possibility of detecting a signal 
inside the allowed region depends on the shape of the spectrum, and the shape, 
unlike the allowed region, is strongly model-dependent. A detailed discussion of this 
point is outside the scope of this paper; it will be enough torecall, in this context, 
that there are two main classes of models which we may calEJ "minimal" and "non- 
minimal" , characterized by a different evolution in time of the curvature scale and 
of the string coupling e"^. In the minimal case the beginning of the radiation era 
coincides with the end of the high-curvature string phase, in the non-minimal case 
the coupling is still small at the end of the string phase, and the radiation era begins 
much later. 

The main difference between the two cases is that in the second case the effective 
potential which amplifies tensor perturbation, according to eqs. (2.2), ( ^.5| ), is 
non-monotonic, and the highest frequency modes may reenter the horizon before 
the beginning of the radiation era. This modifies the slope of the spectrum in 
the high-frequency sector, with the possible appearance pi a negative power. The 
gravity wave spectrum may thus become non-monotonicE3, and the peak may not 
coincide any longer with the end point (see also [36] for a different possibility of 
non-monotonic spectrum) . 

These are good news from an experimental point of view, because they make 
more probable a large detectable signal at frequencies lower than the GHz band. 
However, they also provide a warning against a too naive interpretation of possible 
future experimental data, because of the complexity of the parameter space of the 
string cosmology models. 



4. Conclusion 

Summarizing the results reported here, my conclusion is very simple: there is no 
compelling reason (at present, and to the best of my knowledge) to exclude the 
presence of a stochastic graviton background of primordial origin, with an energy 
density as high as 

Qgiio) - lO^^/i^o^o, 1 Hz < w < 100 GHz. (4.1) 

Future gravity wave detectors, able to reach this sensitivity level, will directly test 
string theory and Planck scale physics. 
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As a final remark, I would like to answer a question that Guido Pizzella asked 
me last year at CERN, during the First Meeting on "Detection of high-frequency 
gravitational waves". The question was: "How sound is the prediction of such a 
high graviton background" ? 

It is diffi-cult to answer, and probably I am not the right person to answer this 
question, but I would like to suggest an analogy. It seems to me that we are in a 
situation similar, in some respect, to the situation of many years ago in cosmology, 
when we had to compare the steady-state model, and the hot-big bang model. One 
of the main differences between the two models was just the background of thermal 
radiation. Now, how sound was the prediction of the thermal black body spectrum, 
before the experimental discoveryEZi of Penzias and Wilson? 

Difficult to say. The present situation seems to be similar. There are standard 
inflationary models that predict a low background of cosmic gravitons, at high 
frequency, and there are other models, based on string theory, that predict a much 
higher background. How sound arc such predictions? 

In my opinion, the experimentalist should tell us how sound are the predictions, 
and not the converse. The answer should come, and may come (in a not so far 
future), from experiments. Whatever the final result may be, the experimental 
search for a cosmic graviton background will become as important, for cosmology, 
as the study of the electromagnetic CMB radiation. Even more important, in some 
sense, because the thermal photons are relic radiation from the big bang, while the 
cosmic graviton of a background like that of eq. (4T) would be relic radiation from 
a much earlier pre-big bang phase, preceding the hot, standard regime. 
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